We study a heavy impurity moving longitudinal with the direction of an external magnetic field in an anomalous chiral medium. Such system would carry a non-dissipative current of chiral magnetic effect associated with the anomaly. We show, by generalizing Landau's criterion for superfluidity, that the "anomalous component" which gives rise to the anomalous transport will not contribute to the drag experienced by an impurity. We argue on a very general basis that those systems with a strong magnetic field would exhibit an interesting transport phenomenon -the motion of the heavy impurity is frictionless, in analogy to the case of a superfluid. We demonstrate and confirm our general results with two complementary examples: weakly coupled chiral fermion gases and strongly interacting chiral liquids.
We study a heavy impurity moving longitudinal with the direction of an external magnetic field in an anomalous chiral medium. Such system would carry a non-dissipative current of chiral magnetic effect associated with the anomaly. We show, by generalizing Landau's criterion for superfluidity, that the "anomalous component" which gives rise to the anomalous transport will not contribute to the drag experienced by an impurity. We argue on a very general basis that those systems with a strong magnetic field would exhibit an interesting transport phenomenon -the motion of the heavy impurity is frictionless, in analogy to the case of a superfluid. We demonstrate and confirm our general results with two complementary examples: weakly coupled chiral fermion gases and strongly interacting chiral liquids.
I. INTRODUCTION
Recently, novel transport phenomena of chiral (parityviolating) media tied with the quantum anomaly has attracted a lot of interest. A prominent example is the Chiral Magnetic Effect (CME) [1, 2] , the presence of the vector (electric) current along the direction of the magnetic field B:
Here C A = 1/2π 2 is the coefficient in front of the chiral anomaly: ∂ µ j µ A = C A E · B and µ A is the axial chemical potential. The broad set of systems exhibiting CME and other related anomalous transport phenomena is widely discussed in the literature and includes the primordial electroweak plasma in early universe (see e.g. [3] ), the QCD matter created in heavy-ion collisions (see e.g. [4] ) and newly discovered condensed matter systems -Weyl and Dirac semimetals (see e.g. [5, 6] ).
One salient feature of those anomaly-induced currents is that they are dissipationless. In this respect, a chiral medium is similar to a superfluid. In contrast to the Ohm current, both the CME current and the flow of the superfluid component do not produce entropy. Another interesting feature of an ordinary superfluid is that the motion of a heavy impurity through a superfluid is frictionless. What would happen if a heavy impurity is moving in an anomalous chiral medium?
In this paper, we wish to obtain further insights into the non-dissipative nature of the anomalous transport by studying drag force acting on a heavy-impurity in a chiral media. Specifically, we put those chiral systems in the presence of a background magnetic field B. Those systems would exhibit a CME current (1) that is originated from the "anomalous component" (which we identify ex-plicitly below) in the media 1 . We then consider a heavy impurity moving longitudinal to theB direction. Will the motion of a heavy impurity experience any drag?
We shall show, by generalizing Landau's criterion for superfluidity [8] , that the "anomalous component" which contributes to CME current does not contribute to the friction acting on the impurity. This implies that CME current will not be destroyed by the presence of impurities. We further argue in such a strong magnetic field that chiral media are populated with the "anomalous component", these systems would exert no drag on an impurity moving parallel with B. While frictionless motion of a heavy-impurity in a chiral medium is naturally connected to the non-dissipative nature of the anomalous transport, this novel phenomenon has not been reported to the extent of our knowledge. We emphasize that the necessary condition to realize this drag-free motion is the presence of a strong magnetic field. In the weak magnetic field regime as considered in Refs. [9, 10] , there will still be a non-dissipative anomalous current but drag force is non-zero in those situations.
Our general results will be illustrated and supported by two examples. We show that the drag force is absent for a weakly-coupled chiral fermion gas when the impurity velocity satisfies v < 1 and for a strongly coupled chiral fluid when v < v χ . Here v χ is the speed of the chiral magnetic wave (CMW) [11] . Remarkably, v χ will also approach 1 in the strong magnetic field limit [11] , therefore results in those two examples coincide. Throughout the paper, we set the Fermi velocity (or the speed of light) and the electric charge e to unity.
II. LANDAU'S CRITERION FOR SUPERFLUIDITY AND ANOMALOUS TRANSPORT
Let us begin by reviewing the pertinent ingredients of Landau's criterion for superfluidity. We consider a heavy impurity moving through a medium along z-direction (without loss of generality) with velocity v. If this motion is accompanied by friction, a part of momentum q z carried by the heavy impurity will be transferred to the medium and the heavy impurity will lose kinetic energy Ω = vq z + O(q 2 z ). As usual we assume that q z is much smaller than the momentum of the heavy impurity M v. In other words, we assume that the impurity is so heavy that it takes many collisions to change its momentum substantially. This is the condition that motion of the heavy impurity can be described as a random walk and has been widely used in previous studies (cf. Ref. [12] ). Meanwhile, by gaining momentum q z , the energy of the medium will increase by the amount ∆E(q z ) which equals to Ω by the conservation of energy. This transition will be possible only if
Thus, if ∆E(q z )/q z has a finite minimum, v lim , the kinematic constraint (2) cannot be satisfied for v < v lim and consequently the friction would be forbidden. v lim is sometimes referred as "critical velocity" or "limiting velocity". For a Bose-liquid at zero temperature, the system is in the ground state. Therefore ∆E(q z ) and v lim are directly related to the excitation spectrum of the system. This is a familiar picture about the ordinary superfluid. It is worth pointing out here that the applicability of Landau's criterion for superfluidity, which relates the vanishing of the drag force to the specific features of the spectrum of the media, is not limited to the superfluid. Furthermore, the drag suppression also does not necessarily imply that the medium is a superfluid, see Refs. [13, 14] and references therein for examples. We now turn to an anomalous chiral medium, the central topic of this paper. Let us first consider the simplest example of such a system: a gas of right-handed chiral fermions. In the presence of a static and homogeneous magnetic field B along, say z-direction, the energy spectrum of those chiral fermions is given by Landau levels (LL) [15] . The higher Landau levels (HLL) are even with respect to the momentum along z-direction k z , i.e., E n (k z ) = 2nB + k 2 z for n = 1, 2, 3 . . . . In contrast, the lowest Landau Level (LLL) is odd in k z and it has a level crossing point at k z = 0:
It is well known that HLL will not contribute to the CME current j z as the contribution from a fermion with k z cancels that with −k z [16] . On the other hand, the contribution from LLL is non-zero and precisely gives CME current in (1) . We therefore identify LLL as the "anomalous component" and HLL as the "normal component" of the system. Let us consider the motion of a heavy impurity alonĝ B. We see immediately, by extending Landau's criterion that LLL would not contribute to the friction. Indeed, if a chiral fermion at LLL gains momentum q z from the impurity, the energy of that chiral fermion increases, according to the dispersion relation of LLL: E LLL (k z ) = k z , by the amount ∆E = q z , i.e. ∆E/q z = 1. Obviously, the kinematic constraint (2) will not be satisfied for a heavyimpurity moving at v < 1. One can show similarly that the transition from LLL to HLL is also energetically impossible for v < 1.
The fact that LLL is chiral plays a crucial role in this analysis. For a dispersion relation which is even with respect to k z , the kinematic constraint can always be satisfied via backward scattering. This difference is intuitively clear: when colliding with heavy particles, light particles will be bounced back. However, such backward scattering is forbidden for chiral fermions at LLL as their chirality is slaved to the direction of their momentum along z-direction. Therefore, those chiral fermions will pass through the heavy particle without transferring momentum.
One could extend the analysis above to other chiral media in the presence of magnetic field B. In those systems, there are zero modes, similar to LLL, in the background of a magnetic flux tube with a level-crossing point zero (k z = 0) = 0 (see e.g. Ref. [16] and references therein). The existence of such zero modes is essential for the realization of the chiral anomaly and CME [17] . Since those zero modes are P-odd, expanding their dispersion relation around the level crossing point, one will always find zero (k z ) ∝ k z which is chiral. Therefore, the existence of the zero modes with chiral dispersion relation should be universal, independent of the microscopic details of the system 2 . Consequently, our previous analysis on LLL can be readily applied to zero modes of other chiral media with the anomaly.
The concept of zero modes is of topological nature. Hence it is well-expected that they would not contribute to the dissipation. In fact, the dissipationless nature of the anomalous transport has been used as a guiding principle in Refs. [18, 19] to derive the anomalous hydrodynamics. Despite this, a simple microscopic physical interpretation presented in this paper, which connects the chiral dispersion of zero modes and Landau's criterion for superfluidity, has not been revealed till now.
III. DRAG SUPPRESSION IN CHIRAL MEDIA
We now consider a chiral medium at finite density and temperature T in a strong external magnetic field eB µ 2 , T 2 that the medium is dominant by the zero modes. For such systems with one chirality (i.e. with right or left-handed fermions only), it is clear that a heavy impurity moving longitudinally toB will not experience any drag force for v smaller than a characteristic value, determined by the chiral dispersion of the zero modes. In analogy to the ordinary superfluid that the scarcity of low lying excited states implies the "superfluidity", the lack of "non-zero modes" for chiral media in the strong magnetic field limit is the physical origin of the drag suppression.
The situation with more than one chirality, say with both right-handed R and left-handed L fermions, is however more subtle. When the medium-impurity coupling is weak, the dominant process for energy transfer involves only one chirality, e.g. the two-to-two scattering such as HL → HL and HR → HR where H denotes the heavy impurity. Thus, our previous conclusion on the absence of drag force still holds. Of course, there are multi-scattering processes which satisfy the kinematic constraint (2). Nevertheless, this type of process will be suppressed as far as the coupling between the impurity and the medium is weak. Indeed, there are examples that Landau's criterion is not applicable if the mediumimpurity interaction is not weak (cf. Refs. [13] ).
In general, the chirality flipping rate Γ χ is non-zero yet 1/Γ χ is typically much longer than the characteristic time scales of other relaxation processes. In a Weyl semimetal, the inverse of Γ χ is given by the inter-valley scattering mean free time while in quark-gluon plasma, Γ χ is linked to the sphaleron transition rate. With finite Γ χ , there could be scattering processes HL → HR in which L gains momentum and becomes R that could satisfy the kinematic constraint (2) . Nevertheless, the probability of those processes should be suppressed when Γ χ is small. We will discuss the effects of finite Γ χ later.
IV. EXAMPLES
We now support our general results by the explicit computation of the drag force. Below, we will assume the coupling between the medium and impurity is weak, but the interaction among chiral fermions can be strong.
Let us start with a generic interacting Hamiltonian between the fermion density n V (x) and the impurity density n imp (x):
where U (x−x ) is the interacting potential. The momentum transfer rate between the impurity and the medium, at the leading order in the medium-impurity coupling (but to all orders in medium-medium couplings), can be derived using Fermi's golden rule [20, 21] :
Here U q is the Fourier transform of U (x) and ρ(ω, q) is the spectral density. As usual, ρ(ω, q) = −2ImG R (ω, q) with G R (ω, q) ∼ n V n V the retarded Green's function. The drag force is related to the momentum transfer rate: F = dP /dt = − q R(Ω q , q)q where q ≡ d 3 q/(2π) 3 . By noting ρ(ω, q) = −ρ(−ω, −q), we then have:
The general expression (6) has been widely used in studying the drag force in the condensed-matter literature (c.f [21] ). (6) can also be matched to the computation of the drag force in quark-gluon plasma via perturbation theory [12, 21] .
As the first example, we consider weakly coupled chiral fermions in the presence of B. ρ(ω, q) can be computed by considering a polarization loop with fermion propagator in the presence of magnetic field. In strong B limit, only LLL contributions are needed [22] :
where ρ 2D (ω, q z ) denotes the spectral density for a free chiral-fermion in 1 + 1 dimension (2D) and q ⊥ denotes the momentum transverse toB. (7) is expected from the dimensional reduction. Since 2D anomaly receives no thermal corrections, ρ 2D (ω, q z ) is independent of temperature and density [23] :
As expected, the delta function in (8) is related to the chiral dispersion of LLL with δ(ω ± q z ) corresponding to right-handed and left-handed chiral fermions. It is clear by substituting (8), (7) into (6) that for v z < 1 the drag force F z vanishes due to the delta function in (8) . This manifests the kinematic constraint as we discussed earlier. Note that if the heavy impurity is moving along the direction transverse toB, drag force is in general non-zero [24] . As another example, we now consider a strongly interacting chiral fluid in the presence of a background magnetic field B in which the mean free path is small. We could then assume that characteristic momentum transfer q between the impurity and the medium is in the hydrodynamic regime. Consequently, the form of G R (ω, q) as well as ρ(ω, q) will be completely fixed by hydrodynamics [25] .
We start with the constitute relation for the vector and axial currents j V , j A . The CME current (1) and its cousin in the axial current -the charge separation effect [26] (j A ∼ C A µ V B) modifies the constitute relation (see e.g. [18, 27] ):
where D ij is the diffusion coefficient tensor which is related to the susceptibility χ and the conductivity tensor σ ij by Einstein's relation σ ij = χD ij . D ij may be decomposed [28] as
We similarly introduce the transverse and longitudinal conductivities σ T,L = χD T,L . We also note that the constitute relation depends on the choice of fluid frame. In (9) , (10), we will use the "no-drag" frame, the frame in which the drag force will be absent if the impurity is at rest, that has been recently discussed in Refs. [9, 10] .
We now restrict our discussion to a neutral chiral fluid, i.e. background µ V,A = 0. This also allows us to neglect possible axial current induced by electric field [29] and additional non-linear term in B as considered in Ref. [30] . and perturb the system by imposing a space-time dependent gauge potential δA 0 ∝ e −iωt+iq·x . That perturbation will lead to currents and chemical potentials δµ V,A fluctuations.
Substituting (9), (10) into ∂ µ j µ V = 0 and ∂ µ j µ A = C A E · B −Γ χ n A where we have incorporated the finite chirality flipping rate Γ χ , we have:
(11) Here, we use the linearized equation of state δn V,A = χδµ V,A + O(δµ 2 ) and introduce
One immediately finds that v χ is the speed of CMW [11] .
Before proceeding further, let us discuss v χ and D T , D L in large B limit. As shown in Ref. [11] , v χ approaches 1 in large B limit. This also implies that χ → C A B in this limit. Under the Drude approximation, σ T ∼ 1/B 2 as the motion of charge carriers in transverse plane is suppressed by large B. Meanwhile, σ L shows no dependence on B as charge carriers moving alongB feels no Lorentz force. Such B-dependence has also been observed in holographic models [31] . By noting
for the discussion below. In this limit, we could neglect D T dependence of Γ q and make approximation
z . We now read the relation between δn A and δA 0 from (11) and match the results to the definition of the retarded Green function: δn V = G R (ω, q) δA 0 . This gives (see also Ref. [32] ):
where due to (13) , q ⊥ -dependence is suppressed. ∆(ω, q z ) = 0 determines the dispersion relation of collective excitations of the system. We first consider the situation that Γ qz Γ χ . We then have ω( This is nothing but CMW [11, 27] and ρ = −2ImG R gives:
As a result of (13), (16) becomes:
Again, the drag force vanishes for v < v χ . In contrast to the previous example, for the strongly interacting chiral fluid, the energy transfer is not related to elementary excitations but, instead, to the collective excitation -CMW. However, the absence of drag is still robust.
A. Effects of chirality flipping rate
We now return to the effects of a finite chirality flipping rate Γ χ using (14) . It is instructive to first take the opposite limit that Γ χ Γ qz . The dispersion relation from ∆(ω, q z ) = 0 then leads to the "anomalous" diffusive mode [33] :
where D χ is directly related to the anomaly-induced negative magnetoresistance σ χ [34] via the Einstein relation σ χ = χD χ . The behavior of ρ is then dominated by this diffusive mode. The drag force now becomes non-zero even for a very small v. However, the drag force coefficient η, which enters in F (v) = −ηM v for small v is tied to the chirality flipping rate Γ χ . Indeed, for v v χ , ρ(ω, q) obtained from (14) gives
To illustrate the effects due to intermediate Γ χ , i.e. Γ χ ∼ Γ qz and summarize the above two sections, we compute the drag force F (v) using a toy potential U (q). We consider a potential of the form :
where Λ sets the cut-off scale for hydrodynamic regime. F (v) is computed using (6), (14) with different Γ χ Λ. In numerics, we set D L Λ 2 = 0.001 to mimic large B limit (13) . As Fig 1 demonstrates , the suppression of the drag force is transparent for small Γ χ . For sufficiently large Γ χ , F (v) grows linearly for small v with drag force coefficient η proportional to Γ χ .
V. CONCLUSIONS AND OUTLOOK
In this paper, we observe that Landau's criterion for superfluidity can reveal the microscopic origin of the nondissipative nature of the anomalous transport: energy and momentum exchange between an heavy impurity and zero modes is kinematically forbidden. We show that an anomalous chiral medium in the strong magnetic field B limit exhibits a novel transport phenomena -a heavy impurity moving longitudinal toB becomes frictionless. It is worth noting that this generic result is insensitive to the specific realization of the chiral medium and particular types of impurities. For example, in a recent publication. [24] , the heavy quark drag force coefficient of quark gluon plasma (QGP) with strong magnetic field has been computed at the leading order in α s , where α s is the strong coupling constant. The suppression of drag force longitudinal to the magnetic field direction has also been observed.
We now discuss potential applications of our results. A very strong magnetic field is present at early times of the QGP created in heavy-ion collisions. The suppression of longitudinal drag will lead to a strong anisotropy in the drag force coefficient. As discussed in detail in Ref. [24] , the motion of heavy quarks in QGP and thus D-meson spectrum as measured in experiments will be influenced by such anisotropy. In addition, it would also be interesting to explore the consequence of the drag suppression in chiral medium in condensed matter systems such as Weyl and Dirac semimetals.
In the work, we consider the situation that the coupling of the impurity to the medium is weak. It would be interesting to extend the current analysis to the case when the impurity is strongly coupled to the medium. We defer this for the future study.
